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A brief history
The masked Riordan group and subgroups.
Kasner (1916), O’Farrell (2008), Babenko (2013).
Jabotinsky matrices and Faber polynomials. (1953)
Appell polynomials and generalized Appell polynomials. (1880, 1964)
Sheffer polynomials and Umbral Calculus. Rota (70’s and 80’s)
Convolution polynomials. Knuth (1992)
Recursive matrices and Umbral Calculus (1982)
Self-inverse Sheffer sequences (1976)
Denh-Sommerville equations (1905-1927)
and much more....
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A brief history
L. W. Shapiro in "A Catalan triangle." Disc. Math. 14 (1976) 83-90.
1 · · ·
2 1 · · ·
5 4 1 · · ·
14 14 6 1 · · ·
42 48 27 8 1 · · ·
132 165 110 44 10 1 · · ·
...
...
...
...
...
...

,
In page 89 he asked "(5) Is there a theory of arithmetic triangles where a
simple function of the generating function of the first column yield the
generation function of the nth column?"
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A brief history
D.G. Rogers in "Pascal triangles, Catalan numbers and renewal arrays."
Discrete Math. 22 (1978) 301-310.
Renewal arrays and the A-sequence
bn,m = [x
n](B(x))m, m ≥ 1 and bn,0 = [xn]B(x)
bn,m =
∑
r≤0
arbn−1,m−1+r
with b0 = 1 and a0 = 1.
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A brief history
L. W. Shapiro, S. Getu, W.J. Woan and L. Woodson. in "The Riordan
group." Discrete Appl. Math. 34 (1991) 229-239.
The Riordan group (1991)
M = (mi,j)i,j≥0
such the jth column is
Cj = g(x)[f(x)]
j
where
g(x) = 1 + g1x+ g2x
2 + g3x
3 + · · ·
f(x) = x+ f2x
2 + f3x
3 + · · · ,
M = (g(x), f(x)) is a Riordan matrix.
Pascal =
(
1
1− x,
x
1− x
)
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A brief history
R. Sprugnoli in "Riordan arrays and combinatorial sums." Discrete Math. 132
(1994) 267-290.
Proper Riordan arrays (1994)
dn,k = [t
n]d(t)(th(t))k
where d0 6= 0 and h0 6= 0.
Pascal =
(
1
1− t ,
1
1− t
)
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Our first triangle
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Arithmetical triangles
Our first triangle (1998)
S =

1
2 −1
3 −4 1
4 −11 6 −1
5 −26 23 −8 1
6 −57 72 −39 10 −1
7 −120 201 −150 59 −12 1
...
...
...
...
...
...
...
. . .

See M. A. Morón and A. L. "Riordan matrices in the reciprocation of
quadratic polynomials." Linear Algebra Appl. 430 (2009) 2254-2270.
S = T
(
2x− 1
(1− x)2
∣∣2x− 1) ≡ ( 2x− 1
(1− x)2(2x− 1) ,
x
2x− 1
)
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Arithmetical triangles
M. A. Morón and A. L. in "Ultrametrics, Banach’s fixed point theorem and the
Riordan group." Discr. Appl. Math. 156(14)(2008) 2620-2635.
Arithmetical triangles (2008)
We find a group, A(K[[x]]) of arithmetical triangles such that
T (f | g) = (di,j)i,j≥0 ∈ A(K[[x]]) where
di,j = [x
i]
xjf(x)
gj+1(x)
where f0 6= 0, g0 6= 0
Pascal = T (1 | 1− x)
remark
di,j = [x
i]
f(x)
g(x)
(
x)
g(x)
)j
⇔ T (f | g) =
(
f(x)
g(x)
,
x
g(x)
)
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Notation
f ≡ f(x) =
∑
n≥0
fnx
n, f l
(
x
g
)
≡ f(x) · l
(
x
g(x)
)
T (f | g)T (l | m) = T
(
fl
(
x
g
) ∣∣∣gm(x
g
))
T−1(f | g) = T
 1
f
((
x
g
)−1)∣∣∣ 1
g
((
x
g
)−1)

Elements in some subgroups
T (f | 1), T (1 | g), T (g | g), T (g − xg′ | g),
T
(
g − xg′
g
| g
)
, T
 αg
α
(
x
g
) | g
 , T (g − x
1− x | g
)
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A new proof of the existence of A-sequence I
Observation
The subgroup {T (f | g) | g = 1} is commutative and normal in the Riordan
group. If T (s | 1) = (bi,j)i,j∈N then bi,j = si−j for i ≥ j.
T (f | g) = T (f | 1)T (1 | g)
T (f | g) = T
(
1
g
| 1
)
T (fg | g) = T (fg | g)T (s | 1)
If T (f | g) = (di,j)i,j∈N, then T (fg | g) = (ci,j)i,j∈N with cn,0 = fn and
ci,j = di−1,j−1 for i, j ≥ 1. So
di,j =
i∑
k=j
ci,kbk,j =
i∑
k=j
sk−jdi−1,k−1
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A new proof of the existence of A-sequence II
In fact, s ≡ A is the A-sequence of T (f | g). Then
T (A | 1) = T−1(fg | g)T
(
1
g
| 1
)
T (fg | g) =
T−1(1 | g)T
(
1
fg
| 1
)
T
(
1
g
| 1
)
T (fg | 1)T (1 | g) =
T
1∣∣∣ 1
g
((
x
g
)−1)
T (1g | g
)
= T
 1
g
(
xg
((
x
g
)−1))∣∣∣g
(
xg
((
x
g
)−1))
g
((
x
g
)−1)
 ,
then
g
(
xg
((
x
g
)−1))
g
((
x
g
)−1) = 1, ⇔ g
(
xg
((
x
g
)−1))
= g
((
x
g
)−1)
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A new proof of the existence of A-sequence
III
and
A =
1
g
((
x
g
)−1) , ⇔ A(xg
)
=
1
g
, ⇔ xA
(
x
g
)
=
x
g
, ⇔
(
x
g
)−1
=
x
A
.
Observation
T−1(1 | g) = T (1 | A) ⇔ T−1(1 | A) = T (1 | g)
So, if T (f | g) is an involution A = g
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Finite versus infinite matrices I
For every n ∈ N consider the general linear group GL(n+ 1,K) formed by all
(n+ 1)× (n+ 1) invertible matrices with coefficients in K. Let R be the
Riordan group. Since every Riordan matrix is lower triangular, we can define
a natural homomorphism Πn : R → GL(n+ 1,K) given by
Πn((di,j)i,j∈N) = (di,j)i,j=0,··· ,n.
Rn = Πn(R)
Let D = (di,j)i,j=0,··· ,n+1 ∈ Rn+1. We define Pn : Rn+1 → Rn by
Pn((di,j)i,j=0,1,··· ,n+1) = (di,j)i,j=0,··· ,n.
R
Πn

Πn+1
##
Rn Rn+1
Pn
oo
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Finite versus infinite matrices II
R as inverse limit
The Riordan group R is isomorphic to lim←−{(Rn)n∈N, (Pn)n∈N}.
Groups of finite Riordan matrices R0, R1, R2, R3
R0 = K \ {0} ≡ K∗ R1 =
{(
α 0
β γ
) ∣∣∣ α 6= 0 and β 6= 0}
R2 =

 r0 0 0α r0r 0
β γ r0r
2
∣∣∣∣∣ r0, r 6= 0 and α, β, γ ∈ K

R3 =


r0 0 0 0
d0 r0r 0 0
α r(d0 + d) r0r
2 0
β γ r2(d0 + 2d) r0r
3

∣∣∣∣∣ r0, r 6= 0d0, d, α, β, γ ∈ K

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Riordan involutions formula
Riordan involutions formula.
Suppose n ≥ 2. Let D = (di,j) ∈ Rn−1 be an involution and take
Dˆ = (di,j) ∈ Rn such that Pn−1(Dˆ) = D.
(i) If n is even, Dˆ is an involution if and only if
dn,1 is arbitrary and dn,0 = − 1
2d0,0
n−1∑
k=1
dk,0dn,k
(ii) If n is odd, Dˆ is an involution if and only if
dn,0 is arbitrary and dn,1 = − 1
2d1,1
n−1∑
k=2
dk,1dn,k
Moreover,
an−1 =
1
dn−1,n−1
(
dn,1 −
n−2∑
j=0
ajdn−1,j
)
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General forms of non trivial involutions in
the lower sizes: I
Involutions in R0
(d0,0) ∈ R0 with d0,0 = ±1
Involutions in R1(
d0,0
d1,0 −d0,0
)
with d0,0 = ±1, and d1,0 ∈ K
Involutions in R2 d0,0d1,0 −d0,0
−d1,0d2,12d0,0 d2,1 d0,0
 d0,0 = ±1, d1,0, d2,1 ∈ K
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General forms of non trivial involutions in
the lower sizes: II
Involutions in R3
d0,0
d1,0 −d0,0
−d1,0d2,12d0,0 d2,1 d0,0
d3,0 −d1,0d2,1+2d
2
2,1
2d0,0
−(d1,0 + 2d2,1) −d0,0

d0,0 = ±1, d1,0, d2,1, d3,0 ∈ K
Corollary
Any Riordan involution Dn ∈ Rn can be extended to a Riordan involution
Dn+1 ∈ Rn+1, i.e. Pn(Dn+1) = Dn.
Equivalently,
For any finite Riordan involution Dn ∈ Rn there is an infinite Riordan
involution D ∈ R such that Πn(D) = Dn.
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Consequences of involutions formula
Corollary
Let α =
∑
i∈N αix
i be an arbitrary formal power series then
(i) There is an unique nontrivial involution D = (di,j)i,j∈N such that
d0,0 = 1, d2i+1,0 = α2i and d2i+2,1 = α2i+1 for i = 0, 1, · · ·
we denote it by I+α .
(ii) There is an unique nontrivial involution D = (di,j)i,j∈N such that
d0,0 = −1, d2i+1,0 = α2i and d2i+2,1 = α2i+1 for i = 0, 1, · · ·
we denote it by I−α .
Moreover, any nontrivial Riordan involution can be constructed by this way.
Corollary
We can construct nontrivial involutions D = (di,j)i,j∈N with A-sequence
A =
∑
i∈N aix
i such that
d2i+1,0 and a2i+1 are arbitrary.
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Non trivial involutions I+α and I−α
I+α =

1
α0 −1
d2,0 α1 1
α2 d3,1 d3,2 −1
d4,0 α3 d4,2 d4,3 1
...
...
...
...
...
. . .

I−α =

−1
α0 1
d2,0 α1 −1
α2 d3,1 d3,2 1
d4,0 α3 d4,2 d4,3 −1
...
...
...
...
...
. . .

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Non trivial diagonal involutions
I+0 = (1,−x) = T (−1 | −1) and I−0 = (−1,−x) = T (1 | −1)
I−0 = −I+0
But, in general
−I+α = I−−α
Proposition
I±α = I+0 I∓α I−0
Consequently,
If I+α = T (f | g) ⇒ I−α = T (−f(−x) | g(−x))
If I+α = (d, h) ⇒ I−α = (−d(−x),−h(−x))
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Finite Riordan involutions: (D2 = I)

1
1 −1
− 1
2
1 1
1 − 3
2
−3 −1
− 9
8
1 15
2
5 1
1 17
8
−15 − 35
2
−7 −1

I+1
1−x
, g1(x) = A1(x) = −1− 2x+0x2 + x3 − 2x4
1
0 −1
0 −2 1
0 −4 4 −1
0 −8 12 −6 1
0 −16 32 −24 8 −1

I+−2x
1−4x2
, g2(x) = A2(x) = −1+2x+0x2+0x3+0x4

1
1 −1
−1 2 1
3 −5 −5 −1
−4 4 20 8 1
5 32 −56 −44 −11 −1

I+ 1
(1−x)2
, g3(x) = A3(x) = −1−3x+0x2+8x3−24x4,

1
1 −1
− 1
2
1 1
2 − 3
2
−3 −1
− 45
8
5 15
2
5 1
14 − 131
8
−24 − 35
2
−7 −1

I+
C(x)
, g4(x) = A4(x) = −1 − 2x + 0x2 − 4x3 + 8x4
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Finite Riordan involutions: (D2 = I)
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−3 −1
− 9
8
1 15
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I+1
1−x
, g1(x) = A1(x) = −1− 2x+0x2 + x3 − 2x4
1
0 −1
0 −2 1
0 −4 4 −1
0 −8 12 −6 1
0 −16 32 −24 8 −1

I+−2x
1−4x2
, g2(x) = A2(x) = −1+2x+0x2+0x3+0x4

1
1 −1
−1 2 1
3 −5 −5 −1
−4 4 20 8 1
5 32 −56 −44 −11 −1

I+ 1
(1−x)2
, g3(x) = A3(x) = −1−3x+0x2+8x3−24x4,

1
1 −1
− 1
2
1 1
2 − 3
2
−3 −1
− 45
8
5 15
2
5 1
14 − 131
8
−24 − 35
2
−7 −1

I+
C(x)
, g4(x) = A4(x) = −1 − 2x + 0x2 − 4x3 + 8x4
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Solutions of Babbage’s equations. I
An approximation of solution of Babbage’s equation.
The Taylor polynomial of order 10 of any nontrivial solution, ω ∈ K[[x]], of
Babbage’s equation is
T10(ω) = −x+ β0x2 − β20x3 + β1x4 + (2β40 − 3β0β1)x5 + β2x6+
(−13β60 + 18β30β1 − 4β0β2 − 2β21)x7 + β3x8+
(145β80 − 221β50β1 + 35β30β2 + 50β20β21 − 5β0β3 − 5β1β2)x9 + β4x10
where β0, β1, β2, β3, β4 ∈ K.
Moreover, for any values β0, β1, β2, β3, β4 ∈ K the above expression is the
Taylor polynomial of order 10 of a nontrivial solutions of Babbage’s equation.
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Solutions of Babbage’s equations. II
Taking α an odd formal power series and α2i+1 = βi,
I+α =

1
0 −1
0 β0 1
0 −β20 −2β0 −1
0 β1 3β
2
0 3β0 1
0 2β40 − 3β0β1 −2β30 − 2β1 −6β20 −4β0 −1
0 β2 −3β40 + 8β0β1 7β30 + 3β1 10β20 5β0 1
...
...
...
...
...
...
...
. . .

{I+α , α ∈ K[[x]] odd} = {T (g | g) ∈ R ∣∣ g0 = −1, g(x)g(x
g
)
= 1}
If ω = x
g
, I+α = T
(
x
ω
| x
ω
)
and
g(x)g
(
x
g
)
= 1 ⇔ ω(ω(x)) = x
so
ω =
∑
n≥1
dn,1x
n
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Computing the A-sequence I
Computing the A− sequence
Let α be an even formal power series and I−α = (di,j)i,j∈N. Then
A(x) =
∞∑
n=0
dn,0x
n
is the A-sequence of the involution I−α .
If α is even d2i+1,1 = α2i+1 = 0, then dn,1 = 0 for all n ≥ 2. By induction for
n = 2
a1 =
1
d11
(d2,1 − a0d1,0) = d1,0
Suppose true to n. What happens in n+ 1? Taking into account that
dn+1,1 = 0, by induction hypothesis ak = dk,0 for all k ≤ n− 1 and using again
the formula
an =
1
dn,n
dn+1,1 − n−1∑
j=0
ajdn,j
 = 1
dn,n
− n−1∑
j=0
dn,jdj,0

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Computing the A-sequence II
As I−α is an involution, the product of its n-row by its 0-colunm is 0, then
n∑
j=0
dn,jdj,0 = 0 ⇔ −
n−1∑
j=0
dn,jdj,0 = dn,ndn,0.
so
an =
1
dn,n
− n−1∑
j=0
dn,jdj,0
 = 1
dn,n
(dn,ndn,0) = dn,0
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Self-dual involutions. I
In Some inverse limit approaches to the Riordan group. Linear Algebra Appl.
491 (2016) 239-262.
Self-dual Riordan matrices.
For K = R, C, the solutions of D = D♦ are the Riordan matrices T (f | g) such
that
A(x) = g(x), f(x) = λ
√
g(x)(g(x)− xg′(x))eφ(x, xg(x) )
with λ ∈ K∗ and φ(x, z) is a symmetric bivariate power series with φ(0, 0) = 0.
If in addition g(0) = 1, then T (f | g) is a Toeplitz matrix.
In other words, the Riordan array R(d(x), h(x)) is self-dual if and only if h is
self inverse for the composition operation, h(h(x)) = x and
d(x) = λ
√
x
h′(x)
h(x)
eφ(x,h(x))
for λ, and φ as above. Moreover, if h′(0) = 1 then h(x) = x.
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Self-dual involutions. II
Example
Take g(x) = 2x− 1 and φ(x, z) = 0. B(√1− 2x | 2x− 1) is then
odd-symmetric. Below we write
γ3(B(
√
1− 2x | 2x−1)) = B3(
√
1− 2x | 2x−1) = T6(
√
1− 2x(2x−1)3 | 2x−1)
1
−5 −1
15/2 3 1
−5/2 −3/2 −1 −1
−5/8 −1/2 −1/2 −1 1
−3/8 −3/8 −1/2 −3/2 3 −1
−5/16 −3/8 −5/8 −5/2 15/2 −5 1

.
D = D♦ = D−1
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Self-dual involutions. III
self-dual involution.
Suppose T (f | g) ∈ R and consider h = xg . Then, T (f | g) is a self-dual
involution if and only if
h(h(x)) = x and f(x) = ±
√
g(x)(g(x)− xg′(x))
If X
Now, if T (f | g) is self-dual involution then, from the above Theorem, we get
h(h(x)) = x and
f(x) = λ
√
g(x)(g(x)− xg′(x))eφ(x, xg(x) )
where φ is a symmetric bivariate formal power series. Since T (f | g) is an
involution then f(x)f
(
x
g
)
= 1. Consequently, λ2e2φ(x,
x
g(x) ) = 1. So we can
choose λ = ±1 and φ ≡ 0 to get all of them.
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Self-dual involutions. IV
Constructing a self-dual involution.
d0,0 = −1,
 1γ0 −1
d1,−1 γ0 1
 ,

−1
d−1,−2 1
d0,−2 γ0 −1
γ1 d1,−1 γ0 1
d2,−2 γ1 d2,0 d2,1 −1


1
d−2,−3 −1
d−1,−3 d−1,−2 1
d0,−3 d0,−2 γ0 −1
d1,−3 γ1 d1,−1 γ0 1
γ2 d2,−2 γ1 d2,0 d2,1 −1
d3,−3 γ2 d1,3 d3,0 d3,1 d3,2 1

with d−j,−i = di,j and γi ∈ K arbitrary.
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Pseudo-involutions. I
Pseudo-involutions
D ∈ R is a pseudo-involution if and only if DI+0 is an involution.
Remark
Note that once obtained an involution using the formula, to get the
corresponding pseudo-involution we have only to change signs suitably.
Pseudo-involutions in the Appell subgroup (RA).
Let α a formal power series such that α2i+1 = −α2i. Then I+α I+0 and I−α I+0 are
pseudo-involutions in the Appell subgroup. Moreover, any pseudo-involution
in the Appell subgroup can be obtained by this way
For n = 2 we get
I+α I
+
0 =
 1α0 −1
d2,0 −α0 1
 1 −1
1
 =
 1α0 1
d2,0 α0 1
 ∈ RA
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Pseudo-involutions. II
By induction, we suppose that is true for every k ≤ n, this means that
a0 = −1 and ak = 0 for 1 ≤ k ≤ n− 1, then, en particular dk+1,1 = −dk,0 for
1 ≤ k ≤ n− 1. Once again by Riordan involution formula
an = (−1)n(dn+1,1 + dn,0) = 0
The product
1
α0 −1
1
2α
2
0 −α0 1
α2 − 12α20 α0 −1
α0α2 − 18α40 −α2 12α20 −α0 1
α4
1
8α
4
0 − α0α2 α2 − 12α20 α0 −1
 I
+
0 ∈ RA
In Riordan group involutions. Linear Algebra Appl. 428 (2008) 941-952.
G.-S. Cheon, H. Kim, L.W. Shapiro treat, from a different point of view, this
kind of involutions.
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Products of involutions I
If M is an involution then M = M−1.
A generalization can be M = PM−1P−1, that is, M is not equal to M−1 but
M is similar to M−1.
Reversible elements
If an element M of a group is the product of two involutions then is similar to
M−1. These kind of elements are called reversible elements.
If M = I1I2, then I1M1 = I2, I1MI1 = I2I1 and M−1 = I2I1, so
M−1 = I1MI1.
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Products of involutions II
Remark
The pseudo-involutions are a particular case of reversible elements.
E. Kasner (1916), M.J. Wonenburger (1966), D. Djokovic (1967) and A.
O’Farrel (2008 and 2014)
Manuel’s talk.
Theorem Gustafson-Halmos-Radjavi (1976) LAA 13,
157-162
Every square matrix over a field, with determinant ±1, is the product of not
more than four involutions.
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The subgroup Ω0. I
Proposition
If T (f | g) is a Riordan involution then g2 = 0, where g =
∑
n≥0 gnx
n.
Let T (f | g) be a non-trivial Riordan involution, then g = A. Where A is the
A-sequence of T (f | g).
Hence a0 = −1, using the involutions formula and the construction of Riordan
matrices we get,
a1 = −d1,0 + d2,1
d0,0
, d2,0 = −d1,0d2,1
2d0,0
, d3,2 = −d1,0 − 2d2,1,
d3,1 = − (d1,0 + 2d2,1)d2,1
2d0,0
then
a2 =
1
d2,2
(d3,1 − a0d2,0 − a1d2,1) =
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The subgroup Ω0. II
1
d0,0
(
− (d1,0 + 2d2,1)d2,1
2d0,0
− d1,0d2,1
2d0,0
+
d1,0 + d2,1
d0,0
d2,1
)
= 0
In fact, all Riordan matrices with this condition form a subgroup.
The subgroup Ω0
If Ω0 = {T (f | g) ∈ R, | g2 = 0}, then Ω0 is a subgroup of R.
Consider T (f | g) ∈ Ω0, thus if g =
∑
n≥0 gnx
n, then g2 = 0. If
A =
∑
n≥0 anx
n is the A-sequence of T (f | g), we get.
T−1(f | g)T
(
1
f
(
x
A
) ∣∣∣A) = T (1 | 1)
then
g(x)A
(
x
g(x)
)
= 1
g(x)A
(
x
g(x)
)
= g(x)
(
a0 + a1
x
g(x)
+ a2
(
x
g(x)
)2
+O(x3)
)
=
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The subgroup Ω0. III
a0g(x) + a1x+ a2
x2
g(x)
+O(x3)
then
[x2]g(x)A
(
x
g(x)
)
=
a2
g0
so a2 = 0 and then T−1(f | g) ∈ Ω0.
Suppose that T (f | g), T (l | m) ∈ Ω0. If g =
∑
n≥0 gnx
n and m =
∑
n≥0mnx
n,
then g2 = m2 = 0. Since
T (f | g)T (l | m) = T
(
fl
(
x
g
) ∣∣∣gm(x
g
))
g(x)m
(
x
g(x)
)
= g(x)(m0 +m1
x
g(x)
+O(x3)) = m0g(x) +m1x+O(x
3)
then [x2]g(x)m
(
x
g(x)
)
= 0 and T (f | g)T (l | m) ∈ Ω0.
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The subgroup Ω0. IV
Remarks
The group Ω0 above can be described as the set of Riordan matrices whose
A-sequences have null quadratic coefficient.
In the usual notation for a Riordan matrix (d, h) with d0 6= 0, h0 = 0, and
h1 6= 0, the condition g2 = 0 is equivalent to the equality
h22 = h1h3 (1)
where h =
∑
n≥1 hnx
n.
Ω0 is not a normal subgroup.
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Other subgroups.
Proposition
The set {T (f | g) ∈ R | g1 = 0} is a subgroup. (g1 = 0 = a1)
Given m ≥ 3, m ∈ N , the set {T (f | g) ∈ R | gm = 0} is not a subgroup.
Given k ∈ N, k ≥ 1, the set {T (f | g) ∈ R | g1 = g2 = · · · gk = 0} is a
normal subgroup.
The group K
K = {I,−I, I+0 , I−0 }
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The commutator of Riordan group I
Observation
(d, h) ∈ R, (d, h) =
(
d
d0
,
h
h1
)
(d0, h1x)
The commutator of Riordan group
[R,R] = {(d, h) ∈ R, / d0 = 1, h1 = 1}
Moreover, every element in [R,R] is a commutator.
An alternating Lecco’s proof.
C = {(d, h) ∈ R, / d0 = 1, h1 = 1}
[R,R] ⊆ C?
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The commutator of Riordan group II
If D ∈ [R,R] ⇒ ∃ C1, C2, · · · , Ck commutators such that
D = C1C2 · · ·Ck.
But Ci commutator and triangular then Ci ∈ C so D ∈ C. Consequently
[R,R] ⊆ C.
C ⊆ [R,R]? If D ∈ C then D = (d, h) with d0 = 1 and h1 = 1. Let r ∈ K such
that r 6= 0, rn 6= 1,∀n ≥ 1. Exist (l,m) ∈ R such that
(d, h) = (1, rx)(l,m)
(
1,
x
r
)( 1
l(m−1)
,m−1
)
(d, h) =
 l(rx)
l
(
m−1
(
m(rx)
r
)) ,m−1(m(rx)
r
)
h = m−1
(
m(rx)
r
)
⇔ m(h) = m(rx)
r
⇔ (1, h)m =
(
1
r
, rx
)
m
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The commutator of Riordan group III
Consequently for n ≥ 2
mn =
1
rn−1 − 1
n−1∑
k=1
[xn]hkmk
with m1 6= 0 arbitrary
d =
l(rx)
l
(
m−1
(
m(rx)
r
)) ⇔ d = l(rx)
l(h)
⇔
⇔ dl(h) = l(rx) ⇔ (d, h)l = (1, rx)l
then
ln =
1
rn − 1
n−1∑
k=0
dn,klk
Hence
D ∈ [R,R]
Moreover D is a commutator.
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The group generated by Riordan involutions I
Remark
The group generated by involutions in any group is a normal subgroup of such
group.
The group [R,R]0
[R,R]0 = Ω0 ∩ [R,R]
I ≡ the set of all Riordan involutions.
< I >≡ the group generated by Riordan involutions.
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The group generated by Riordan involutions
II
main theorem
Every element in the group generated by Riordan involutions is the product of
not more than four Riordan involutions.
Note that if
D˜ ∈< I > ⇒ D˜ = DK
where D ∈ [R,R]0 and K ∈ K.
Suppose now that
D = I+α I
+
β I
+
γ I
+
0 ⇒ D˜ = I+α I+β I+γ K˜
where K˜ = I+0 K ∈ K.
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The group generated by Riordan involutions
III
In fact,
Theorem. Actually, lemma
If D ∈ [R,R]0, there are three Riordan involutions, I+α , I+β , I+γ such that
D = I+α I
+
β I
+
γ I
+
0
D = I+α I
+
β I
+
γ I
+
0 ⇔ DI+0 = I+α I+β I+γ
If
DI+0 = (d, h), I
+
α = (δ1, ω1) I
+
β = (δ2, ω2) I
+
γ = (δ3, ω3)
where d0 = 1 and h1 = −1.
DI+0 = I
+
α I
+
β I
+
γ ⇔ (d, h) = (δ1, ω1)(δ2, ω2)(δ3, ω3)
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The group generated by Riordan involutions
IV
The problem is, given d and h, are there three involutions such that
(d, h) = (δ1, ω1)(δ2, ω2)(δ3, ω3)?
(d, h) = (δ1, ω1)(δ2, ω2)(δ3, ω3) ⇔
{
δ1(x)δ2(ω1(x))δ3(ω2(ω1(x))) = d(x)
ω3(ω2(ω1(x))) = h(x)
First, we solve ω3(ω2(ω1(x))) = h(x),
Note that if (δi, ωi) is an involution, (1, ωi) too.
46 / 1
T (f | g) =
(
f
g
, x
g
)
The group generated by Riordan involutions
V
ω3(ω2(ω1(x))) = h(x) ⇔ (1, ω1)(1, ω2)(1, ω3) = h(x)
(1, ω1)(1, h) = (1, ω2)(1, ω3) ⇔ (1, ω1)h = (1, ω2)ω3
Suppose now
(1, ω1) = (ai,j)i,j∈N, (1, ω2) = (bi,j)i,j∈N, (1, ω3) = (ci,j)i,j∈N
then ω3 =
∑
n≥1 cn,1x
n.
In R2 is  1 0 00 −1 0
0 a2,1 1
 0−1
h2
 =
 1 0 00 −1 0
0 b2,1 1
 0−1
c2,1

Equivalently, a2,1 − b2,1 + c2,1 = h2 that has solutions.
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The group generated by Riordan involutions
VI
The equation in R3 is

1 0 0 0
0 −1 0 0
0 a2,1 1 0
0 −a22,1 −2a2,1 −1


0
−1
h2
h3
 =

1 0 0 0
0 −1 0 0
0 b2,1 1 0
0 −b22,1 −2b2,1 −1


0
−1
c2,1
−c22,1

The above equality is equivalent to the system{
a2,1 − h2 = b2,1 − c2,1
a22,1 − 2h2a2,1 − h3 = (b2,1 − c2,1)2.
Since (1, h) ∈ Ω0 and h1 = −1 h22 = h1h3 = −h3 the system above reduces to unique
linear equation
a2,1 − b2,1 + c2,1 = h2
which, obviously, has solutions.
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The group generated by Riordan involutions
VII
By induction, suppose now that the equation in Rn has solution. In Rn+1 only a
new equation appears
n+1∑
k=1
an+1,khk =
n+1∑
k=1
bn+1,kck,1 (2)
In the case of n is odd (2) can be written as
an+1,1 − bn+1,1 + cn+1,1 = hn+1 +
n∑
k=2
(an+1,khk − bn+1,kck,1) (3)
By induction hypothesis we have solutions for the case n. Once we fix one of them
and using the construction by rows of a Riordan matrix, the right side of equation
(3) is known. Moreover, by Involutions Formula an+1,1, bn+1,1, cn+1,1 are arbitrary
to construct the involutions, so (3) has solutions.
In the case of n is even, to construct the involutions the coefficients
an+1,1, bn+1,1, cn+1,1 are not arbitrary, they depend, in particular, on an,1, bn,1 and
cn,1.
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The group generated by Riordan involutions
VIII
So, to be sure of the existence of solutions for Rn+1, assuming that in Rn, we have
to study the compatibility of the system{
an,1 − bn,1 + cn,1 = hn +∑n−1k=2 (an,khk − bn,kck,1)∑n+1
k=1 an+1,khk =
∑n+1
k=1 bn+1,kck,1
where the unknown variables are an,1, bn,1 and cn,1.
We can reduce the last expression to(
2h2 −
(n
2
+ 1
)
a2,1
)
an,1 +
((n
2
+ 1
)
b2,1 − 2c2,1
)
bn,1 +
((n
2
+ 1
)
c2,1 − nb2,1
)
cn,1 = K
together all equations the system has solution if
a2,1 − b2,1 + c2,1 = h2 and a2,1 6= b2,1
Finally, to finish the proof we must find solutions to
δ1(x)δ2(ω1(x))δ3(ω2(ω1(x))) = d(x)
50 / 1
T (f | g) =
(
f
g
, x
g
)
The group generated by Riordan involutions
IX
First, some observations: The A-sequence of (1, ωi) is the same that (δi, ωi).
We use that we have solved the above problem and it means that we have ω1,
ω2 and ω3 fixed. Moreover, after intensive inspection we conclude that we can
choose δ3 ≡ 1, so we are going to prove that we can find δ1 and δ2 such that
δ1(x)δ2(ω1(x)) = d(x)
has solutions. But this equation is equivalent to
(δ1, ω1)(δ2, ω2)(1, ω3) = d(x) ⇔ (δ2, ω2)(1, ω3) = (δ1, ω1)d(x)
Let (δ1, ω1) = (ui,j) and (δ2, ω2) = (vi,j)
To determine δi it is enough to solve the system for the 0-column. So in R1 we
have (
1 0
u1,0 −1
)(
1
d1,0
)
=
(
1 0
v1,0 −1
)(
1
0
)
u1,0 − v1,0 = d1,0
51 / 1
T (f | g) =
(
f
g
, x
g
)
The group generated by Riordan involutions
X
has solutions. As in an involution the entry (2,0) is given by the formula, in
R2 we must check that the following system has solutions. Using the formula
and that the A-sequences are the same we get

1
u1,0 −1
u21,0−a2,1u1,0
2
a2,1 − u1,0 1

 1d1,0
d2,0
 =

1
v1,0 −1
v21,0−b2,1v1,0
2
b2,1 − v1,0 1

 10
0

this is equivalent to{
u1,0 − v1,0 = d1,0
−b2,1u1,0 + (2b2,1 − a2,1)v1,0 = 2d2,0 − d21,0
that has solution if a2,1 6= b2,1.
Then by induction, if n is even the entries in the place (n+ 1, 0) is arbitrary so
un+1,0 − vn+1,0 = −
n∑
k=1
un+1,kdk,0 − dn+1,0
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The group generated by Riordan involutions
XI
has solutions.
If n is odd, in a similar development than before, we get solutions.
Remark
[R,R]0 is normal in the group generated by involutions.
Corollary
< I >' [R,R]0 oK
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Thank you!
See you in Madrid next RART!
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